Abstract. Here we show that the interaction of a low-mode internal wave with small oblique seabed corrugations can trigger the formation of many other internal waves with a broad range of wavenumbers and directions of propagation. We show that the wave-seabed resonance in a continuously stratified fluid, in contrast to homogeneous and two-layer fluids, is not limited to only one new resonant wave but that it can lead to a chain resonance of many freely propagating waves. The development of chain resonance results in a complex internal wave dynamics over the corrugated seabed that can lead to a significant redistribution of energy across the internal wave spectrum. In order to obtain a quantitative understanding of the energy transfer rates between the incident and resonated waves over the seabed topography, here we derive an equation for the evolution of the wave envelopes using multiple-scale analysis in the limit of small-amplitude corrugations. Strong energy transfers from the incident internal wave toward shorter internal waves are demonstrated for a broad range of incidence angles, and the theoretical predictions are compared favorably with direct simulations of the full Euler's equation. The key results show that: (i) a large number of distinct internal waves can be simultaneously resonated for almost all angles of the seabed corrugations, (ii) near-resonance waves may play a major role in the overall dynamics and hence cannot be ignored, and (iii) near-resonance waves can even sometimes dominate the internal wave field-a phenomenon known as enhanced detuned resonance. The chain resonance of internal waves with topography occurs for a wide range of physical conditions including those representatives of the continental shelf or the abyss. The chain resonance of internal waves via single seabed harmonic may, therefore, be one of the select pathways toward efficient enhanced diapycnal mixing and energy dissipation in the real ocean.
Introduction
The evolution and fate of internal waves in the ocean is of significant contemporary interest because the current and future state of the climate is believed to be intimately related to the ocean internal wave dynamics and to their role in turbulent processes (Schiermeier , 2007; Mackinnon, 2013; DeCarlo et al., 2015) . Internal waves that are sufficiently steep or in the act of breaking indeed contribute to the mixing and energy dissipation of the ocean, hence to the overall energy balance (c.f. Wunsch and Ferrari , 2004; Nikurashin and Ferrari , 2013) . A significant fraction of the internal waves at their generation site often have long wavelengths Alford et al., 2016) . A steepening mechanism must therefore take place during the propagation of internal waves to explain the observed high levels of turbulence and ocean mixing (Wunsch and Ferrari , 2004) . The process of steepening comes from energy transfers across the internal wave spectrum. It can result from a number of processes including nonlinear wave-wave interactions, wave-mean flow interactions, and bottom scattering (Garrett and Munk , 1979; Staquet and Sommeria, 2002) . The effect of the variable seabed, which is the focus of this study, is elaborated on in the next sections.
The interaction of oceanic flows with variable bottom topography on the continental shelf and in the open ocean is known to be at the origin of enhanced mixing and to be responsible for maintaining the global oceanic circulation (Munk and Wunsch, 1998; Mackinnon, 2013) . Numerical experiments and field measurements have shown that large internal waves interacting at topography can contribute as a source of turbulent kinetic energy in shallow water (e.g. Kranenburg et al., 1991; Pietrzak et al., 1991; Baines, 1997; Pietrzak and Labeur , 2004; Labeur and Pietrzak , 2004) , but also in the abyss, where intense vertical mixing (by orders of magnitude) over rough topographies have been observed (Polzin et al., 1997; Garabato et al., 2004) , with attribution to internal wave breaking (e.g. Ledwell et al., 2000) . In the deep ocean, an important source of internal wave energy comes from the interaction of topographic features with barotropic tides and E-mail address: louisalexandre.couston@berkeley.edu, yliang1213@berkeley.edu, reza.alam@berkeley.edu. geostrophic flows (Garrett and Kunze, 2007; Nikurashin and Ferrari , 2010; Alford et al., 2016) . Internal waves generated at topography in the deep ocean typically have long wavelengths (low mode) when they are first generated, and are able to propagate over long distances within the ocean basin , as observed for instance northeast of Hawaii (Zhao et al., 2010) . The subsequent steepening of these waves interacting nonlinearly or with other seabed topography is of significant interest in order to understand how the energy available for ocean mixing can be redistributed far from the abyssal generation sites Alford , 2003) . It should be noted that the effect of the dissipating internal waves on the mean-flow that generated them at seabed topography is also of importance, though it has gained interest only relatively recently (see e.g. Grisouard and Bühler , 2012) .
The seafloor topography includes both relatively large deterministic features, as well as rough patches of small corrugations Garrett and Kunze, 2007) . Large seafloor topography are usually well resolved by bathymetry measurements (Mathur et al., 2014; Legg, 2014) , and the process by which they can lead to significant mixing, due to e.g. wave breaking at critical slopes, can be analyzed in details (Lamb, 2014) . Deterministic analytical methods based on e.g. Green's functions, for instance, have been employed to show that the interaction of the barotropic tide with idealized topography can lead to the development of instability regions in three dimensions where generated internal waves may produce significant turbulence (Bühler and Muller , 2007) . Extended patches of small seabed variations, on the other hand, are typically represented as continuous bathymetry spectra (Bell , 1975; Goff and Jordan, 1988) , with some uncertainty on length scales of O(10km) and smaller due to lack of resolution (Melet et al., 2013; Lefauve et al., 2015) . These are often studied statistically or as random processes (see e.g. Muller and Bühler , 2009 ). Nonetheless, they similarly contribute to the wave scattering particularly in the abyss (Munk and Wunsch, 1998) . For instance, in two dimensions, the occurrence of internal wave attractors toward which waves are geometrically focused has been demonstrated over random seabed variations, which suggests that zones with locally intense mixing can take place over small-scale seabed topography (Guo and Holmes-Cerfon, 2016) . In three dimensions, similar results indicative of wave steepening were obtained for rough patches of small corrugations, which were shown to redistribute the energy of incident internal wave spectra toward higher wavenumbers (Müller and Xu, 1992) . Investigations of wave scattering using continuous topography spectra have been successful in explaining field observations of enhanced mixing (see e.g. Polzin, 2004) . However, the statistical approach usually assumes horizontal homogeneity and overlooks the details of energy transfers since it focuses on the collective effect of topography. The contribution from each seabed harmonic (with wavenumber vector k b ), which interacts resonantly with an internal wave with wavenumber k provided that the sum or difference wavenumber k ± k b is the wavenumber of a free wave, cannot be disentangled from the overall effect. Yet, as will be shown here, even one single bottom harmonic can resonate many triads in a stratified fluid, with potentially significant consequences on the internal wave dynamics.
In a relatively recent investigation of wave focusing in one horizontal dimension, Bühler and Holmes-Cerfon (2011) , in agreement with earlier analyses of tidal conversion (c.f. Balmforth et al., 2002; Garrett and Kunze, 2007) , demonstrated that the interaction of an incident internal tide (wavenumber k 1 ) with a single bottom harmonic (wavenumber k b ) can resonate a series of shorter internal waves, provided that k b /k 1 is an integer. Under rigid-lid assumption and in a linearly-stratified fluid, all internal wave wavenumbers are indeed integer multiples of k 1 such that each successively resonated wave k j , starting with k 2 = k 1 + k b = 2k 1 for k b = k 1 , can resonate other new higher-wavenumber internal waves k j+1 = k j + k b . The number of resonated waves is infinite, and the successive resonance are shown to result in a monotonous decay of the incident internal tide energy over the corrugations (Bühler and Holmes-Cerfon, 2011) . The effect of a single bottom harmonic in a continuously stratified fluid is clearly much more complex than in a homogeneous or two-layer fluid. There, the resonant wave-bottom interactions, which are commonly known as Bragg reflection or resonance because they involve two freely propagating wave and one medium wave (i.e. the seabed undulations here), produce only one isolated resonant triad with well explored properties of energy transfers (e.g. Davies, 1982; Mei , 1985; Alam et al., 2009a) . Internal waves in a continuously stratified fluid over seabed topography, on the other hand, can exhibit more intricate dynamics of potentially new physical interest because of the large number of triads that may be coupled through the same bottom harmonic.
Here we are concerned with the problem of internal wave scattering by monochromatic seabed corrugations in a finite-depth ocean, and in three dimensions. The occurrence of chain resonance in a linearly-stratified ocean is the central theme of the present paper, with the emphasis laid for the first time on incident internal waves impinging on oblique corrugations. The problem is motivated by the one-dimensional chain resonance discussed in Bühler and Holmes-Cerfon (2011) , as well as by recent field observations which showed that wave-bottom interactions can differ substantially in one and two horizontal dimensions (e.g. Buijsman et al., 2014) . We consider perfectly resonant wave-bottom interactions, but also wave-bottom interactions that are only near resonance, i.e. such that the forced wavenumber is not exactly an internal wave wavenumber. Nearresonance interactions (also known as detuned resonance) are of increasing interest in nonlinear wave science (Tobisch, 2016) , and will be shown to be essential in the present analysis. Because the demonstration of onedimensional chain resonance in Bühler and Holmes-Cerfon (2011) relies on the method of characteristics and a streamfunction formulation, which is not readily applicable in three dimensions, another approach is required. Specifically, here, to predict how strongly the incident and resonated waves interact, we derive an evolution equation for the envelope amplitudes using the method of multiple scales in the weak-topography limit. The method has been successfully applied for many investigations of Bragg resonance in homogeneous water (e.g. Mei , 1985) , including shore protection (Yu and Mei , 2000a) , sandbar formation (Yu and Mei , 2000b) , wave lensing (Elandt et al., 2014) , and in two-layer density stratified fluids (Alam et al., 2009b) with applications in the attenuation of long interfacial waves by random bathymetry (Alam and Mei , 2007) and broadband cloaking (Alam, 2012) . Multiple-scale methods have also been employed in studies of wave dynamics in stratified fluids, including weakly nonlinear wave-mean flow interactions at topography (Nikurashin and Ferrari , 2010) and the scattering of internal tides by irregular bathymetry (Li and Mei , 2014) .
The outline of the paper is as follows. In §2, we characterize the different waves involved in chain resonance for oblique corrugations, and we define a detuning parameter for each of the near-resonance interactions. In §3, we provide the derivation details for the multiple-scale equation and give the solution method for the boundary-value problem. In §4, we discuss the variations of the incident and resonated wave amplitudes over the corrugations for a wide range of corrugation angles. In §5, we summarize the key results and conclude.
Problem formulation
2.1. Governing equation and the dispersion relation. Consider the propagation of waves in an inviscid, incompressible, adiabatic and stably stratified fluid of density ρ(x, y, z, t), bounded by a free surface on the top and a solid seafloor with a mean depth h at the bottom. We take a Cartesian coordinate system with x and y axes on the mean free surface and z axis positive upward (x,ŷ,ẑ the unit vectors). The equations governing the evolution of the velocity vector u = {u, v, w}, density ρ, pressure p and surface elevation η under Boussinesq and f -plane approximations read
where g is the gravitational acceleration and f the Coriolis frequency. The seafloor position, given by z = −h + b(x, y), is written as a superposition of small bottom irregularities b on the mean slowly-varying seabed h. The total density is ρ =ρ(z) + ρ (x, y, z, t) withρ(z) the background (unperturbed) density and ρ 0 =ρ(z = η) the density on the free surface. The material derivative operator is denoted by D t and ∇ is the three-dimensional gradient. Equation (2.1a) is the momentum equation (Euler's equations), (2.1b) is an energy equation (Gill , 1982) , and (2.1c) is the continuity equation. The problem is a well-posed initialboundary-value problem in the sense that we have five field equations for five unknown variables (u, p and ρ) with appropriate boundary conditions (2.1d)-(2.1f) on the free surface and seabed.
Here we are concerned with small perturbations of the quiescent state, i.e. ∇ u ∼ ∇ρ O(1), such that we consider the linearized form of the governing equations (2.1), i.e. .9)). There is a single surface wave solution at all frequencies ω > f (solid lines close to y axis) and an infinite number of internal waves (all others) at wave frequencies larger than the Coriolis frequency f and smaller than the Brunt-Väisälä frequency N (i.e. between the dash-dotted cutoff frequency lines). The internal wave wavenumbers are almost uniformly spaced such that (k j+1 − k j ) ∼ k 1 for all j ≥ 1 at fixed frequency, as highglighted for
which is derived from (2.1) in Appendix A. We note ∇ H the two-dimensional horizontal gradient and N = −g/ρ 0 [dρ(z)/dz] the buoyancy frequency (aka Brunt-Väisälä frequency). Let us consider seabed corrugations of the form
is the corrugation wavenumber with θ b the corrugation angle, d > 0 the corrugation amplitude, and ϕ b a phase parameter. For small corrugation amplitude d/h ∼ O( ) where 1 is the smallness parameter, the solution w of equation (2.2) can be sought as a perturbation series of the form
where the perturbation terms w (j) ∼ O(1) satisfy the same field equation (2.2a) and top free-surface boundary condition (2.2b). The bottom boundary condition (2.2c), on the other hand, can be rewritten at successive orders in such that we have at leading order (2.5) and at second order
µ (the corrugation slope µ is sub-critical, c.f. equation (2.8)), and (ii) dγ 1 (i.e. the internal waves have a vertical wavelength 2π/γ much greater than the corrugation amplitude d).
Let us first consider the properties of the leading-order problem (i.e. eigenmodes and dispersion relation), by assuming a propagating wave solution of the form w
(1) = W (z)e i(k·x−ωt) , where k = (k x , k y ) is the horizontal wavenumber (k = |k|) and ω is the frequency. Upon substitution in (2.2) with b = 0 we obtain the general Sturm-Liouville eigenvalue problem (e.g. Thorpe, 1966) (
which can be solved analytically in terms of elementary (e.g. trigonometric, hyperbolic) or special functions (e.g. Airy, Bessel) for special density profiles N (z), or numerically as a boundary value problem.
For a linearly varying mean density profile, i.e. such thatρ(z) = ρ 0 (1 − az) (c.f. e.g. Martin et al., 1972) , the Brunt-Väisälä frequency is N = √ ga = constant. The vertical mode structure solution of (2.7)
for f < ω < N becomes W (z) = sin γ(z + h) with γ = k/µ(ω) the vertical wavenumber and
the internal wave slope. For ω < f or N > ω the solution reads W (z) = sinh γ(z + h) with γ = k (ω 2 − N 2 )/(ω 2 − f 2 ). The dispersion relation is readily obtained in both cases upon substitution of
(2.9)
The solutions (k, ω) to the dispersion relation (2.9) are three-dimensional surfaces in (k x h, k y h, ω/N ) space, but since these surfaces are axisymmetric with respect to the ω/N axis we show them in figure 1 as twodimensional curves in (ω/N, kh) space. We fix the stratification parameter as ha = 0.01, which corresponds to a 1% relative density increase between the free-surface and the bottom, and the Coriolis parameter is chosen as f /N = 0.025. For ω < f , the only solutions are Poincaré waves that decay exponentially in one horizontal dimension (Gill , 1982) , and we do not consider them. For ω ≥ N only one solution k 0 exists in the first quadrant (with its mirrors in the other quadrants), whose associated fluid particle motion is maximum near the free surface and decreases as the depth increases (γ 0 ∈ iR). Therefore this is basically a surface wave which is a little perturbed because of stratification. For f < ω < N there is an infinite number of solutions k j (j ∈ N) to (2.9). The first member of this set (k 0 ) is the continuation of the surface wave branch (shown close to the y axis in figure 1 ). All other waves (k j , j = 1, 2, · · · ) have a sinusoidal vertical mode structure (γ j ∈ R) with fluid particle motions minimum near the free surface and seabed, and therefore these branches show internal waves.
2.2. Chain resonance conditions. The quadratic interaction term on the right-hand-side of (2.6) between an incident wave (wavenumber k) and the bottom corrugations (wavenumber k b ) indicates that the secondorder velocity w (2) is forced by a term with wavenumber k r = k ± k b . Interestingly, the amplitude of the forced wave grows linearly in time unbounded when D(ω, k r ) = 0 (c.f. equation (2.9)), i.e. when k r is the wavenumber of a free wave (Liu and Yue, 1998) . The condition that k r satisfies the dispersion relation is known as the (wave-wave) resonance condition, or more specifically as the Bragg resonance condition in the case that one of the waves (here the bottom wave) is frozen (i.e. the amplitude is fixed, see Davies (1982) ). When the resonance condition is satisfied, the perturbation expansion in (2.4) is not valid, and other methods (such as multiple scales) are necessary to obtain the growth rate of the resonant wave beyond the initial time. It is to be noted that strong energy exchanges can also be obtained when the resonance condition is only nearly satisfied, i.e. when D(ω, k ± k b + δ) = 0 with δ/k r 1. Nearly resonant interactions, i.e. for which the detuning wavenumber δ = 0, will be shown to be of significant importance in the present analysis.
Contrary to in a homogeneous fluid, a single seabed harmonic k b in a stratified fluid can resonate a large number of distinct triads, because the dispersion relation (2.9) admits an infinite number of wavenumber solutions. We can thus find two resonant triads (k 1 , k 2 , k b ) and (k 3 , k 4 , k b ), for different wavenumbers of the free waves. Importantly, different triads can exchange energy when they are interconnected, thus forming a resonance cluster, a concept used in turbulence wave theory (L'vov et al., 2009; Bustamante et al., 2014; Tobisch, 2016) . Here, two triads resonated through the same bottom wavenumber k b are interconnected when they share the same wavenumber of a free wave. An example of two such interconnected triads is shown in figure 2a : the wavenumber k 2 is shared by both the lower and upper triad such that energy can be exchanged between the two triads through k 2 . Interestingly, larger resonance clusters can arise in a stratified fluid, i.e. including more than two triads (hence more than three waves), as described in the following section.
In a linearly-stratified fluid, the wavenumber (k x , k y ) solutions of the dispersion relation can be represented by an infinite number of circles with radii k j , as shown in figure 2b . For a given incident wavenumber k (0) ( OI in figure 2b ) and bottom wavenumber k b , a series of forced waves is generated, owing to the successive quadratic wave-bottom interactions. The first forced waves have the wavenumbers k (0) ± k b , which are perfectly resonant for the case shown in figure 2b, i.e. such that
is the wavenumber of a free wave. The resonated waves with wavenumber k ± (1) then also interact with the corrugations, forcing new waves with wavenumber k figure 2b , the forced wavenumber k
The detuning wavenumber between the forced wavenumber k + (1) + k b and the closest (in L 2 -norm) wavenumber of a free wave k + (2) is non-zero, i.e. such that figure 2b ). In figure 2b , the forced waves (k
) are perfectly resonant, and the (k
) waves are near resonance. Near-resonance waves are important and considered in the present analysis because they can have a relatively large influence on the energy transfers between the perfectly tuned waves. Indeed, while the assumption that detuning weakens wave-wave interactions prevails, there are cases, as will be shown in §4.4, for which detuning can result in enhanced resonance (by order of magnitude).
For clarity of the formulation, let us briefly elaborate on the notations of the sequence of resonated wavenumbers, i.e.
for m ≥ 1, with k ± (0) = k (0) the incident wavenumber. The superscripts + (-) denote waves that are positively (negatively) generated, i.e. corresponding to what we call the positive (negative) branch of the chain resonance (2.12). The subscript m is the interaction number, i.e. such that e.g. k − (2) is the resonated wave obtained from the second series of wave-bottom interactions. It should be noted that the subscript m is put in between parenthesis because the m th resonated wavenumber (with magnitude k figure 2b , the k + (1) wave is a mode-two internal wave, not a mode one.
The resonated wavenumbers k
e. using the L 2 -norm). As previously mentioned, the chain resonance can only include wavenumbers close to resonance, i.e. with small associated detuning. Here it is the cumulative detuning that needs to be small (as will be shown later), such that the condition for the k ± (j) wave to be part of the resonance cluster reads
for all m ≤ j. Note that the condition (2.13) implies that if the k ± (M ± ) wave is the first wave not included in the chain resonance, then neither are the k
3. Three-dimensional multiple-scale analysis 3.1. Derivation of the envelope equations. For bottom corrugations of small amplitudes, the evolution of the wave envelopes is slow compared to the variations of the carrier waves, such that we can use two different separated scales to describe the dynamics of the carrier waves and wave envelopes. The leadingorder solution to the governing equation (2.2) can then be sought in the form
where A 0 and A ± m are the amplitudes of the the incident and resonated waves, which are functions of the slow variables (x,ȳ,t) ∼ (x, y, t). The wavenumbers of the different waves involved in chain resonance are denoted by k
, and c.c. denotes the complex conjugate. Denoting by θ ± m the angle of the horizontal wavenumber k ± (m) with the x axis, we then find from the momentum and continuity equations (2.7a)-(2.7b), using straightforward algebra, that
The variations of the leading-order wave amplitudes A ± m as functions of the slow space and time variables can be obtained from the so-called solvability condition, which ensures that the second-order solution is bounded in time and space (Mei , 1985) . The equations for the wave amplitudes A ± m is thus derived upon inspection of the second-order problem for w (2) (i.e. (2.2a)-(2.2b) and (2.6)), which, with the consideration of the bottom corrugations and slow variations of the leading-order solution w
(1) , reads
Let us seek a second-order solution of the form
where non-resonant terms denotes second-order terms that are not resonant, hence that do not affect the leading-order solution. Due to the fact that (3.3) is linear with respect to the flow variables, an equation can be obtained for each eigenmode E ± m independently, upon substitution from (3.4), (3.1), (3.2a), and (3.2b) for w (2) , w (1) , u (1) and v (1) . The right-hand-side of equation (3.3c) is proportional to mode E ± m (i.e. with resonance wavenumber k ± (m) ) when k b interacts with wavenumber k
After standard algebraic manipulations, the equation for mode E ± m is thus obtained as
The inhomogeneous equation (3.5) for B ± m has a unique solution if and only if the forcing terms on the right-hand-side satisfy the solvability condition (Fredholm, 1903; Nayfeh and Kandil , 1978) . The solvability condition is obtained by doing the integration in z as follows
which, upon integration by parts, gives
Substituting the boundary conditions (3.5b)-(3.5c) at z = 0, −h for B ± m in (3.8), and directly integrating (3.7) using (3.5a), we then get after tedious but straightforward algebra the final equation
In (3.9), C ± gm = {C ± gmx , C ± gmy } is the horizontal wave group speed such that 
The coupled internal wave envelope equations (3.9) can be shown to be constrained by an energy-type preserving equation. Multiplying each equation in (3.9) and (3.12) by (A ± m )
* /Ω ± m (where superscript * denotes the complex conjugate), and summing them over m along with their complex conjugate we obtain 
For a problem that is not uniform in space but at the steady-state (i.e. ∂ t ≡ 0), on the other hand, it is the total energy flux
The wave action A ± m is proportional to the internal wave energy density KE ± m + P E ± m , where
It is important to note that the total wave action and energy flux are conserved quantities only because we assume that the normalized detuning terms are small, i.e. δ
1, such that they can be dropped from the expression for P ± m−1 and N ± m+1 in (3.6). This implies that forced waves with too large of a detuning cannot be included in the multiple-scale solution, as will be further discussed in §3.2.
It should be noted that∇ and ∇ in (3.3a)-(3.3b) do not commute because we allow the mean waterdepth to be a slowly varying function of the horizontal variables, i.e. h = h(x,ȳ). Interestingly, we also note that two waves that are perpendicular, i.e. such that k (m) · k ± (m+1) = 0, cannot exchange energy when the Coriolis effect is neglected (f = 0), since the coupling coefficients P ± m−1 or N ± m become zero in this case (c.f. equation (3.6)). This phenomenon is known as Bragg degenerate resonance in homogeneous water and is shown to hold here for a stratified fluid without rotation (Couston et al., 2016) . For completeness, we shall finally point out that (3.9) also applies under rigid-lid assumption upon consideration of the group velocities and (unique) coupling slow frequency
where the wavenumber k
2 is given by the dispersion relation (3.18) with (m) the (integer) mode number of the resonated wave.
3.2. Solution method at the steady state. Here we consider constant mean waterdepth h, i.e. such that the term ∇ H · C ± gm in (3.9) can be dropped, and we take sinusoidal corrugations for which
is the cumulative detuning wavenumber, the envelope equations (3.9) can then be rewritten as (3.20) where the additional term on the left-hand-side comes from the re-scaling of the amplitude variables and is due to the fact that some of the interactions are not perfectly resonant.
The system of envelope equations (3.20) has constant coefficients and is amenable to simple analytical treatment using an eigenmode decomposition. For a patch of corrugations of finite extent in x but infinitely long in y, the steady-state problem is independent of both y and t such that the solution
written in vector form, is to be found as a solution of the matrix equation [S] and [F ] are real and given by
In practice the infinite system of equations is truncated to a finite number of positively (M + ) and negatively resonated wave modes (M − ), such that we can instead solve the truncated system 1 is a small threshold parameter (here we will use τ = 10%), and (ii) a large enough number of near-resonance waves is considered such that the solution is converged. Importantly, the first condition also ensures that a separation of scales truly exists between the variations of the carrier waves and wave envelopes, such that the multiple-scale results remain valid at leading order. Here the cumulative detuning ∆ ± m is the most informative measure of detuning because it is ∆ ± m that appears in matrix [D] N in the system of equations (3.23). It is for this reason that the chain resonance condition (2.13) involves ∆ ± m , rather than δ 
while the coefficients c i are obtained from enforcing the boundary conditions. The boundary conditions are applied at the beginning of the patch (x = 0) for waves that are transmitted, i.e. such that C ± gm ·x > 0, and at the end of the patch (x = l) for waves that are reflected, i.e. such that C ± gm ·x < 0. The presence of reflected waves can have a significant effect on the system dynamics. Indeed, with only transmitted waves, the eigenvalues α i of (3.25) are all pure imaginary because the system's matrix is the product of ([S]
, which is a skew-Hermitian matrix (because
* , see equation (3.6)), with [E], which is a positive definite matrix. The solution behavior is therefore oscillatory as can be expected for waves propagating in the same direction. With reflected waves, however, [E] is not positive definite such that the eigenvalues, or at least some of them, have a non zero real part. This is in agreement with a net decaying behavior of some of the incident and transmitted waves to the downstream of the patch, versus a net growing behavior to the upstream for the reflected waves.
Results and discussion
We solve in this section the boundary-value problem (3.23) as a function of the corrugation angle θ b (c.f. equation (2.3)), for a patch of finite extent in the x direction starting at x = 0. The corrugation wavenumber is of the same order as the mode-one internal wave wavenumber, i.e. k b /k 1 ∼ O(1), and is taken such that the incident wave and bottom corrugations perfectly resonate the k + (1) wave (see figure 2b) . We focus our attention on incident waves propagating in +x direction that are mode-one internal waves. This is motivated by the fact that most of the internal wave energy is stored in low mode number waves (Garrett and Munk , 1979) , and because such long waves can propagate over long distances and interact with topographies Zhao et al., 2010) . The number of seabed corrugations is chosen in order to highlight the different physics of chain resonance, hence varies depending on the different cases investigated, but we keep it to a minimum (i.e. few tens of corrugations) such that the results may be applicable for practical situations. Our analysis in §4.1- §4.4 assumes constant physical parameters ha, ω/N and f /N , and considers that there are no reflective boundaries, i.e. such that internal waves leaving the corrugated patch are radiated away. In §4.5, the analysis is generalized as we discuss how the results are affected by changing these physical parameters. figure 3a) . Other successively generated waves experience some detuning (e.g. k + (2) , see figure 2b), which increases with the interaction number m, as shown in figure 3a . As discussed §3.2 (c.f. equation (3.23)), here we limit the multiple-scale analysis to resonant waves with less than 10% detuning. As a result, we consider eight resonant waves in the chain resonance (c.f. figure 3a) .
We show in figure 3b the evolution of the wave amplitudes |A would be necessarily reflected. The exchanges of energy are dominated by the interaction of the pair of A 0 and A + 1 waves, which propagate in the same +x direction. The variations of the wave amplitudes are mostly modulated (i.e. oscillatory), such that the incident wave amplitude would grow again for a longer patch (not shown). An estimate for the maximum of A + 1 over the patch can be obtained from the conservation of wave action (3.13), which, assuming ∂ t ≡ ∂ y ≡ 0, reduces tô .2) i.e. the energy flux in x direction is conserved (c.f. equation (3.15)). Neglecting waves other than A 0 and A + 1 and assuming that A 0 = 0 when A + 1 is maximum, equation (4.2) then yields
For the physical parameters of figure 3b, (4.3) gives max x |A 1 | ∼ 1.51, i.e. a value slightly larger than the actual maximum reached by A + 1 (i.e. 1.47). From figure 3b, we see that the A + 2 wave grows up to about 25% of the incident wave amplitude over the corrugated patch, while detuned by more than 5%. Detunings on the order of a few percents thus do not always prevent waves from growing relatively large, which demonstrates that near-resonance waves cannot be always neglected. The evolution of the wave amplitudes A 0 , A + m (m = 1, 2, 3), and A − m (m = 1, 2, 3, 4) as shown in figure 3b , however, does not change substantially when including more waves in the chain resonance, i.e. waves with detuning greater than 10%. Solving equation (3.23) for 10 positively and negatively forced waves (i.e. M + = M − = 10 such that the largest detuning is about 17%), for instance, we find that the variations of the incident wave differ by only 0.01% from what we obtained with M + = 3 and M − = 4 (shown in figure 3b ). This suggests that waves with relatively large detuning (but still small) do not affect the system dynamics, such that the 10% threshold ensures the validity of the multiple-scale assumption without impacting the solution accuracy.
4.2.
Chain resonance at all corrugation angles. In order to assess whether a chain resonance as shown in §4.1 can occur for other relative angles between the incident wave and the seabed undulations, we must first check that the detuning of the successively forced waves remains small as the orientation of the seabed bars changes from being parallel to being perpendicular with respect to the incident waves k (0) (see figure  2b) . We restrict our analysis to the case where the first wave A figure 4 ). White regions of the figure show waves that are not considered in a chain resonance due to detuning ∆ ± m /k ± (m) exceeding the 10% threshold, which was decided based on the fact that this threshold satisfies the multiple-scale assumption while retaining a good solution accuracy (see §4.1).
The special case of two-dimensional problem with a rigid-lid assumption is known to lead to a perfect chain resonance that is also called geometric focusing (see Bühler and Holmes-Cerfon, 2011; Karimpour et al., 2016) . Here, we obtain the perfect chain resonance counterpart with free surface for a small oblique incidence (i.e. θ b ∼ 0.05, see i in figure 4), due to the fact that the spacing between two successive internal wave wavenumbers decreases with the mode number. Importantly, the detuning ∆
is small for almost all θ b , such that the occurrence of chain resonance (i.e. with a number N ≥ 2 of generated waves) is not limited to quasi co-directional waves and corrugations crests. For θ b as large as π/8, for instance, we find that ∆ + 10 ∼ 3%, such that at least 10 different internal waves enter the chain resonance. The negatively generated waves k figure 5a , which is the wavenumber of a mode-one internal wave propagating in the −x direction (i.e. reflected), hence resonant. For figure 5b, we have instead
, which is the wavenumber of a reflected mode-two internal wave, hence again resonant.
4.3. Spatial dynamics of chain resonance. The analysis of the occurrence of chain resonance of figure 4-5 indicates how many waves are forced when the incident wave propagates over the corrugations, but not how strongly they interact with each other. Consequently, in this section we elaborate on the dynamics of chain resonance for the two extreme cases of oblique chain resonance, i.e. when θ b ∼ 0 is small ( figure 6 ) and when θ b = π/2 is large ( figure 7) . are very close to resonance. As a result, the incident wave decreases monotonically over the patch. For θ b = π/9 (figure 6b), the picture becomes significantly different over relatively long distances (we show this case over a larger corrugated domain to see this), because the cumulative detuning grows relatively rapidly such that it exceeds 2% for m > 8. This increase in detuning results in high-wavenumber internal waves that are unable to capture the incident wave energy, which increases again from x/λ 1 = 40 onward. In the case where k figure 6c than in figure 6a ). The very high-wavenumber internal waves (typically greater than mode 10) shown in figure 6 may not be accurately captured by the theory because they do not satisfy the long .6)). Nonetheless, the chain resonance is still expected to occur, such that only the details of the energy exchanges should differ using a higher-order theory or direct simulation.
Another particularly interesting case occurs when the corrugation crests are perpendicular to the incident wave crests, i.e. such that θ b = π/2 (iv in figure 4) . In a homogeneous fluid, such an orientation of the seabed bars with respect to the incident waves does not lead to any type of Bragg resonance interaction because the solutions (k, ω) of the dispersion relation all fall on a unique circle. In a stratified fluid, however, there are infinite wavenumber solutions of the dispersion relation such that an incident mode-one internal wave can resonate higher-mode internal waves via perpendicular bottom corrugations. We show in figure 7 the figure 7a ). The exchange of energy between the incident wave and the two pairs of resonated waves is clearly oscillatory. This is because (i) all waves propagate in the +x direction, and (ii) there is only a finite number of waves that are resonated. The oscillatory behavior is also obtained in figure  7b , for k + (1) = k 4 , but this time the detuning decreases such that more waves enter the chain resonance. Interestingly, we see that the larger number of resonated waves in figure 7b leads to a smaller minimum of the incident wave amplitude. This is a direct result of the conservation of wave action (3.13), which requires the energy flux to be conserved. In figure 7b , the resonated waves carry a much smaller energy fluxx · F ± m in x direction (c.f. (3.15) ), compared to the waves in figure 7a, because of their higher wavenumbers and larger angle with respect to the x axis. As a result, much less energy is needed from the incident wave to maintain the equilibrium between the resonated waves in figure 7b than in figure 7a .
In order to provide an independent cross-validation of the occurrence of chain resonance, we now show in figure 8 the evolution of the envelope amplitudes of the incident wave and first four resonated waves as predicted by multiple-scale theory and direct simulation. We solve the full Euler's equation under Boussinesq approximation with MITgcm (Marshall et al., 1997) , an open source non-hydrostatic hydrodynamic solver (finite volume) widely used for modeling waves in stratified fluids (e.g. Engqvist and Hogg, 2004; Klymak et al., 2010; Lim et al., 2010; Churaev et al., 2015; Alford , 2015) . Our main interest lies in verifying that the waves that are predicted to resonate by the theory become also resonated when using MITgcm, and that the strength of the interaction is similar for the two methods. Therefore, we solve the initial-value problem (i.e. ∂x ≡ ∂ȳ ≡ 0) rather than the boundary-value problem for the ease of computation. With internal waves of different wavelengths and directions of propagation, the implementation of radiation boundary conditions or sponge layers remains challenging. An alternative based on a numerical domain large enough that reflections from boundaries do not matter could be more easily set up, but this is unfortunately not practical computationally. We consider a mode-one internal wave propagating without change of form in +x direction for t < 0, until bottom corrugations suddenly appear at t = 0, subsequently scattering the incident mode-one wave energy for t > 0. The bottom corrugation angle is selected such that the corrugation crests Figure 8 . Evolution of the envelope amplitudes for the incident wave and for the first five resonated waves as predicted by multiple-scale theory (dotted lines), and by direct numerical simulation using MITgcm (solid lines). We solve the initial-value problem such that A 0 = 1 and
m ∀m, and the bottom wavenumber is chosen such that the first resonated wave is a mode-three internal wave (k + (1) = k 3 ). The numerical domain contains 400×400 grid points for a domain size 2λ 1 × 2λ 1 in x, y direction, and we use 100 layers along the fluid depth which we take equal to 100 meters. The time step is 0.1 s. The physical parameters are chosen such that ω/N = 0.2, ha = 0.05, d/h = 0.05, and the Coriolis parameter is set to zero. The initial mode-one wave amplitude in MITgcm is 1 meter. are perpendicular to the incident wave crests, i.e. θ b = π/2, and we pick k b such that k + (1) = k 3 . The multiple-scale solution for the initial-value problem is readily obtained from the solution method described for the boundary-value problem, provided that the diagonal elements of matrix [E] are substituted with Ω ± m (c.f. equation (3.23)). The boundary conditions are A 0 = 1 at t = 0, and A ± m = 0 (∀m > 0) at t = 0. In the numerical setup, we use a free-surface and a free-slip bottom boundary condition, and we turn off viscosity. The envelope amplitudes are extracted from the free-surface elevation data using discrete Fourier transform in both x and y at successive time steps. Figure 8 shows that the multiple-scale predictions compare well with the converged direct simulation results for the first five resonated modes that are shown, endorsing the discussed trend of energy flowing to higher-wavenumber internal waves as time progresses. We do not, however, have a physical explanation for the rapid oscillations of the first resonated internal waves A ± 1 at the very beginning of the simulation. This feature is not predicted by multiple scales and therefore we speculate that it is a non-physical and transient artifact of the direct simulation scheme. This large discrepancy at t ∼ 0 may be at the origin of the differences with the multiple-scale results observed at later times. Other effects, however, due to higher wave-bottom interactions and wave-wave nonlinearities considered in the direct simulation, may also explain the small deviations from the theory. Importantly, the good agreement between the two methods proves that the condition Dγ 1 on the vertical wavelength of the internal waves can be relaxed (see §2.2 and equation (2.6)), at least in this case. Indeed, here we show a good agreement up to the k ± (5) waves, which are mode-fifteen internal waves. These waves have small vertical wavelengths, i.e. γ ± (5) = γ 15 ∼ 15π/h such that Dγ ∼ 2.5. They are therefore beyond the validity range of the assumption, but nonetheless well predicted by the theory. We would like to note that discrepancies other than those due to nonlinear effects could be obtained when solving the boundary-value problem. Indeed, with oblique seabed corrugations, the water depth is discontinuous at the beginning and end of the corrugated patch, such that waves reflected by abrupt seabed steps can be obtained in the numerical experiments. However, with seabed steps less than 5% the height of the water column, such reflections should stay small, hence dominated by the leading-order phenomenon of chain resonance. 4.4. Energy flux redistribution. In this section, we further investigate the effect of the corrugation angle on the dynamics of chain resonance by showing the decay of the incident wave energy over the patch, and by evaluating the maximum amount of energy captured by the resonated waves for different corrugation angles.
We first show in figure 9 the variations of the normalized energy flux of the incident wave, i.e. F 0 (x)/F 0 (x = 0) where F 0 = F 0 2 (see equation ( The effect of the other higher-wavenumber resonated waves on the decay of the incident energy flux can be seen in figure 9(b,d) , which show the same results as in (a,c) except that this time we consider all resonated waves. The incident energy flux does not simply oscillates anymore, but shows a relatively complex behavior that is sensitive to whether the corrugations are long (figure 9b) or short (figure 9d). In figure 9b, the energy flux decreases monotonically over the patch for small corrugation angle (shown by dark lines), because the incident wave energy keeps going to higher and higher-wavenumber resonated waves (as already discussed in figure 6 ). As the corrugation angle increases and becomes larger than about π/9, however, the incident energy flux becomes oscillatory again due to the fact that the chain resonance only includes a finite number of near-resonance waves (which corresponds to the situation shown in figure 6b ). The variations of the incident energy flux are thus relatively similar for large angle θ b in both figures 9a,b (shown by bright-colored lines). In figure 9d , similar features can be observed as for figure 9b, although the differences with the naive results (shown in figure 9c ) are even more emphasized. For large corrugation angle θ b ∼ π/2 (bright-colored lines), for instance, the incident energy flux oscillates but in the case of figure 9d the minimum reached remains large, i.e. close to 1 (contrary to figure 9b in which the minimum is close to 0). This is due to the fact that the resonated waves included in the chain resonance propagate at a large angle with respect to the x axis when the corrugations are relatively shorter, as discussed in figure 7b , thus carrying less energy in x direction.
In order to estimate how the incident wave energy is redistributed across the internal wave spectrum for the different corrugation parameters used in figure 9 , we now show in figure 10 the maximum normalized energy flux F ± m (x)/F 0 (x = 0) reached over the patch by the resonated waves. For each corrugation angle, a unique chain resonance is obtained that is represented as a trajectory in wavenumber space (k x h, k y h) starting from the incident wavenumber k (0) h = (k 1 h, 0); each trajectory is color coded by the intensity of the energy flux of the resonated waves k ± (m) h in the chain resonance. In figure 10a ,c we consider only one resonated wave (A + 1 ) in the chain resonance, such that each trajectory consists of one segment connecting the incident wavenumber k (0) h to the resonated wavenumber k + (1) h. The intensity of the energy flux max x F + 1 (x)/F 0 (x = 0) is clearly seen to smoothly increase as θ b increases in this case (as the trajectory goes from being parallel to the x axis to being perpendicular), which is due to the fact that the total energy flux needs to be conserved in x direction and that the incident energy flux becomes 0 somewhere along the patch (see figure 9a, Figure 10a and 10c differ only in that the corrugation wavenumber is larger in the later figure, such that the resonated wave has a higher wavenumber k + (1) = k 4 for the case of figure 10c compared to k + (1) = k 2 for the case of figure 10a . When all resonated waves are considered ( figure 10b,d) , the trajectories consist of many segments connecting each successively resonated waves. The trajectories can include positively generated waves k + (m) (shown by branches in the upper right quadrant), but also negatively generated waves k − (m) (shown by branches in the lower left quadrant). In figure 10b , the positive branches of the trajectories are very long (i.e. including more than 10 resonated waves) for a wide range of corrugation angle (θ b 3π/8) because the detuning ∆ + m /k + (m) is small in this case (see figure 4) . As the corrugation angle is increased (θ b 3π/8), however, the detuning also increases such that some of the higher-wavenumber generated waves become neglected, resulting in truncated positive branches (as seen by the stair-case shape in the upper right quadrant of figure  10b ). For a narrow range of corrugation angles near θ b ∼ 0, the trajectories also have a negative branch (shown as ii in figure 10b) , with a fraction of the incident wave energy transferred toward reflected internal waves via the surface wave mode k 0 . The maximum energy flux of the surface wave is substantial (about 0.3) in this case, despite the fact that the surface-wave amplitude grows only by about 1/100 th of the incident wave amplitude; this is a result of the much higher group velocity of the surface mode (see related discussion in §4.2). A negative branch of the trajectories is also obtained when θ b ∼ π/2 (iv in figure 10b ; see also discussion of figure 7), and when θ b is given by equation (4.1) (iii in figure 10b) , which is the somewhat special case that includes three perfect resonant waves discussed in §4.1. For θ b = θ * b (c.f. equation (4.1)), the two perfectly resonant waves k − (1) , k − (2) reach a small maximum normalized energy flux (about 0.07), which can readily be inferred from the plot of the wave amplitudes in figure 3b. For θ b slightly less than θ * b (i.e. decreased by about 1%), the same two waves are slightly detuned, but remarkably reach a very large maximum energy flux of max x F − m (x)/F 0 (x = 0) ∼ 3.1, 2.6 for m = 1, 2 (shown by the bright negative branch near iii in figure 10b ), i.e. amplified by about two orders of magnitude. The resonance dynamics is thus significantly enhanced with small detuning, which is a behavior that can be also obtained in nonlinear wave-wave systems (see e.g. Dutykh and Tobisch, 2014) . In order to further characterize the effect of a small change of the corrugation angle on the dynamics of the cluster resonance, we show the evolution of the wave amplitudes for the case shown in figure 3b ( In (b,d) , the trajectories include all successively generated waves at and near resonance. The maximum normalized energy flux does not increase monotonically with the corrugation angle θ b in this case, and can be relatively large even for some of the higher-wavenumber waves (i.e. k ± (m) , m > 1). The roman numerals in (b) refer to the same features shown in figure 5 that are further discussed in the text. The dotted circles represent the internal wavenumber k j h solutions of the dispersion relation (2.9). The patch length and the physical parameters are the same as in figure 9 . which differ by less than 1% relative change in θ b , can be clearly seen (c.f. figure 11a and b) . We would like to remark that the conservation of energy flux in x direction is not violated in the case of enhanced detuned resonance even though the energy flux of the two amplified waves exceeds the incident energy flux (1) = k 4 . As already discussed in figure 5b , the detuning is smaller in this case such that many more resonated waves are included in the chain resonance. Figure 10d thus shows longer trajectories than in figure 10b, in particular for the negative branches in the lower left quadrant, which consists mostly of reflected internal waves. An enhanced detuned resonance can also be observed, as shown by the bright-colored trajectory in the lower left quadrant of figure 10d. 4.5. Generalization of the results to arbitrary physical parameters. As mentioned at the beginning of §4, the results presented in this paper were obtained for fixed physical parameters while varying the angle and wavelength of the bottom corrugations. The effect of the corrugation amplitude d/h is well known in the weak-topography limit, i.e. the energy transfer rate scales linearly with d/h, and therefore we could fix d/h without loss of generality. How the results might change with the internal wave frequency, buoyancy frequency, or water depth is however of significant interest since the oceans experience very different physical conditions.
The effect of varying physical parameters can be understood by looking at the interaction coefficients between the incident and resonated waves, which are given by the diagonal elements of matrix [E] (c.f. (3.22)):
The coefficient r ± m in (4.4) is non-dimensionalized by λ 1 , and represents the growth (or decay) rate of wave A ± m per unit incident wavelength. As can be seen in figure 12 where we plot r under rigid-lid assumption (as shown by the dash-dotted line in figure 12 ), which, given that γ ± (m) /γ 1 is an integer number (with rigid-lid), is independent of the physical parameters (Bühler and Holmes-Cerfon, 2011) . Here, the variations of r ± m with the physical parameters are due to the effect of the free-surface and are strongest for the first few interactions. However, for practical physical conditions, i.e. ω/N ∈ [f /N, 1] and ha ∈ [0, 0.05], we find that the relative variations of r ± m are on the order of only 1%, hence negligible. It is to be noted that the quasi-linear increase of r ± m with the normalized vertical wavenumber γ ± (m) /γ 1 is consistent with the rapid generation of high-wavenumber internal waves over the corrugations, as was clearly seen for small θ b in figure 6a,c.
The above analysis demonstrates that the rapidity of the energy exchanges are basically proportional to (1/λ 1 ) ∝ µ/h, hence increases with decreasing water depth and increasing wave frequency. The results presented in §4.1- §4.4 holds for a broad range of physical parameters, and therefore could be in theory applicable for internal waves on the continental shelf or in the abyss. It is to be noted that the main variations of the energy transfer rates are affected by the complex effect of detuning, oblique interactions and the Coriolis force, which are represented by matrix [D] , [S] , and [F ] in equation (3.22) . In brief, the effect of detuning results in faster but weaker modulations of the energy transfers, whereas the effect of the Coriolis force and oblique interactions, which similarly result in modified modulation patterns, are only important for relatively large angles between the incident wave and bottom corrugations.
We would like to finally point out that the the spatial dynamics of chain resonance is dependent on the length of the corrugated patch when some of the resonated waves are reflected. The effect of a varying patch length can change the modulation of the wave amplitudes, especially when the parameters are chosen close to a case of enhanced detuned resonance. For physical parameters as in figure 11b , but for a patch half as long, for instance, i.e. ending at x/λ 1 = 20, A − 1 and A − 2 reach a maximum of 2.1 and 1.6 respectively, both approximately 40% smaller than what is obtained in figure 11b , such that the dynamics is significantly sensitive to the length of the patch. This is however not the general case since the reflected waves do not play a major role for most of the corrugation angles θ b , in particular when the corrugations are long, i.e. such that k + (1) = k 2 (see figure 10b) . Effects due to the patch length as well as due to other types of reflective boundaries may yet display new interference patterns which could be interesting (see e.g. Karimpour et al., 2016) .
Concluding remarks
In this work, we showed that an incident internal wave propagating over oblique bottom corrugations can resonate a large number of other freely propagating waves for a wide range of physical conditions. We explained that this behavior results from the occurrence of chain resonance, whereby a single seabed harmonic can resonate many different interconnected wave triads. The concept of chain resonance has its roots in the broader context of nonlinear wave science and resonance cluster (Tobisch, 2016) , to which it is a special case as one wave in each triad is a frozen (medium) wave whose amplitude is fixed. We demonstrated that the chain resonance occurs for incident internal wave and corrugation crests that are either aligned or perpendicular, as well as for all other angles of the bottom corrugations. The chain resonance mechanism can efficiently redistribute the internal wave energy in the two-dimensional horizontal wavenumber spectrum, thus potentially contributing to enhanced mixing and energy dissipation. We showed that near-resonance waves cannot be neglected, and that the solutions to the boundary-value problem can be significantly sensitive to the corrugation angle. With changes of the corrugation angle as small as 0.01
• , we found that the system can experience an enhanced detuned resonance, i.e. such that waves that become slightly detuned experience order of magnitude amplification and dominate the internal wave field. Waves with relatively large detuning, but that can still be predicted by the multiple-scale method, on the other hand, are not predicted to play a major role in the internal wave dynamics. This suggests that the multiple-scale model captures the most important features of the chain resonance.
The shortcoming of uniform density stratification that was assumed in this paper has been addressed in a number of earlier studies on internal wave scattering by bottom corrugations (Bühler and Holmes-Cerfon, 2011) , which, based on the results of Grimshaw et al. (2010) , argued that the fundamental ways in which the interactions occur do not change for depth-dependent stratification. Although realistic density profiles deserve attention, here we believe that the chain resonance is also relevant to other density profiles, in particular because the successively forced waves are never perfectly resonant. In fact it is not unreasonable to speculate that an ocean with a variable stratification, and therefore non-uniformly spaced wavenumbers, could have stronger energy transfers toward high-wavenumber waves for oblique incidence than in the constant stratification case due to better tuned resonance.
Even though our results were presented for a single seabed harmonic, the theory can be easily extended to multiple corrugation wavenumbers, in which case one can expect a ramification of the chain resonance across the two-dimensional wavenumber space. The number of resonant branches may in fact become infinite with just two seabed harmonics and may exhibit interesting different wave dynamics. To extend the range of applicability of the theory to more general cases, finite-amplitude bottom corrugations should be considered and are worth independent investigation. However, large seabed variations require higher-order or exact linear wave theories, such as Green functions approach or Floquet theory, making the problem much less tractable analytically (see e.g. in homogeneous water Yu and Howard , 2012) . Numerical simulations could obviously be used but we shall recall that the problem investigated here is three-dimensional and therefore computationally intensive.
The redistribution of energy across the internal wave spectrum is of significant importance in order to predict enhanced mixing efficiency and wave breaking near topography. Therefore, it will be essential to include the effect of finite-amplitude internal waves in future studies. Nonlinear wave-wave effects will be most likely increased by and coupled to the internal wave dynamics of chain resonance over seabed corrugations.
The density term ρ can be readily substituted from the linear form of (2.1b), i.e., ∂ t ρ + w dρ(z) dz = 0, (A.2) such that, denoting by N 2 = −g/ρ 0 dρ(z)/dz the Brunt-Väisälä frequency, (A.1) becomes
